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We should continue to test General Relativity especially in regions where it has 
not been reliably probed before.


High Density regions -> GW - LIGO+VIRGO / LISA  or Direct observation - EHT

Very Large scales      -> Clustering of matter - weak lensing / LSS surveys 

Motivation: Testing General Relativity



The first model we test is the f(R) of Hu & Sawicki.


In f(R) theories the Einstein-Hilbert action is replaced by a generic function of 
the Ricci scalar…

Modified Gravity: f(R) 

Where a and b are both positive and               . Expanding this action for high 
curvatures (           ) one finds that R ≫ μ2

R = R(g̃)

so that the theory looks like a cosmological constant with small corrections to 
GR. In the low-curvature regime (.          ) the theory behaves like inverse-power 
law models where                         so that deviations from GR are suppressed. 


R ≪ μ2

f(R) ∼ (R /μ)−b

fR exhibits scale dependent growth resulting in a power spectrum of 
matter fluctuations that differs from the usual GR  LCDM prediction.  
-> We should look on small scales as possible over a wide redshift range!



Why use weak lensing?

Weak Lensing

Sensitive to the total matter potential, don’t have to worry about unknown bias 
prescription (mapping between galaxies and total matter distribution).


Using the distorted shapes of distant galaxies we can infer the foreground mass 
distribution. 

Start by measuring galaxy shapes... The statistics of the shape 
distribution of background 

lensed galaxies 

The statistics of the 
distribution of foreground 

mass (lens) 

* if galaxies are randomly oriented



Data: Deep Lens Survey

SDSS DLS

Jee et. al 2013, 2016

The Deep Lens Survey is a 20 deg2 ultra-
deep multi-band sky survey. Images were 
taken over ~100 nights on NOAO's Blanco 
and Mayall 4-meter telescopes.



Weak Lensing: Cosmic Shear

Usual matter  
power spectrum

Correlation  
functions

Redshift distribution

Angular diameter  
distance

Cosmological  
dependence

+- 0/4/

Observable



Weak Lensing: f(R) gravity

We use the public code MGCAMB a Modified Gravity version of CAMB to 
produce matter power spectrum at various redshift. 

(Hojjati, Pogosian, Zhao, 2011)


MGCAMB allows various models of modified gravity to be competed. 

| fR0 | = 0.01
| fR0 | = 0.1



Data: Tomographic Shear 

15 auto and cross-correlations 
8 radial bins 1’<𝞱<90’
2 shear measurements ξ+,ξ-

= 240 data points



The covariance, C, has been estimated using  2048 mock DLS fields of 2×2 
deg2 from ray tracing the ‘fiducial’ zHORIZON simulations (Smith 2009).


Data vector Model vector

Covariance  
matrix

Ltot = LDLS ⇥ LBAO ⇥ LCMB ⇥ LSNe1a

we implement a joint likelihood with external datasets:

The Likelihood

Ltot = LDLS ⇥ LBAO ⇥ LCMB ⇥ LSNe1a

SNe from the Pantheon sample (Scolnic et al., 2018)

BAO distances DA and H-1 from SDSS galaxies (Ross et al., 2017)


Ltot = LDLS ⇥ LBAO ⇥ LCMB ⇥ LSNe1a



Do the data support the inclusion of an extra, non-zero parameter 
describing a modification to gravity ie XMG ? 

Rather than a question of parameter estimation (i.e. the determination of 
the most probable values for the extra parameters within the context of 
a single model), this is a question of model comparison between two 
models, with or without XMG.

Comparing models

The parameter space ✓ = {⌦M ,⌦b,�8,⌦DE , w, ns, H0, XMG} ⌘ {�, } is

partitioned into the common parameters, � = {⌦M ,⌦b,�8,⌦DE , w, ns, H0} and

the extra parameters  = {XMG,1, XMG,2, ...} describing the modification to

GR. This is known as a nested model.

Within a Bayesian framework (Verde et al., 2013), the key quantity for

comparing them is the Evidence (or model-averaged likelihood)

E =

Z
Pr(✓|M)Pr(D|✓,M)d✓.

Our aim is to confront out degree of belief in the two di↵erent models

MXMG=0 and MXMG 6=0 in light of the data, ie to compare Pr(MXMG=0D)

and Pr(MXMG 6=0D).

Developing each term with Bayes theorem Pr(M|D) = Pr(D|M).P r(M)/Pr(D),

we can write,

Pr(MXMG 6=0|D)

Pr(MXMG=0|D)
=

Pr(D|MXMG 6=0).P r(MXMG 6=0)

Pr(D)
.

P r(D)

Pr(D|MXMG=0).P r(MXMG=0)

Before looking at the data we have no prior 
preference for either model and can set this 

ratio = 1



Results: DLS CS + BAO + SNe

Combining:

- DLS cosmic shear

- 1048 SNe from the Pantheon sample (Scolnic et al., 2018) 

- DA and H-1 measurements from Ross et al. (2017).


Thus GR is favoured with a 
evidence ratio of 1.2
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Large scale distribution of mass versus light from BAOs: search in the BOSS survey 15

ln(EBL,� 6=0/EBL,�=0) interpretation betting odds

< 1 not worth a bare mention < 3 : 1

1� 2.5 substancial 3 : 1

2.5� 5 strong > 12 : 1

> 5 highly significant > 150 : 1

Table A1. The slightly modified Jeffrey’s scale we use to interpret the Evi-
dence ratio ln(EBL,� 6=0/EBL,�=0).

This paper has been typeset from a TEX/ LaTEX file prepared by the
author.

c� 2012 RAS, MNRAS 000, 1–14

ln(EXMG 6=0/EXMG=0)



Weak Lensing: Intrinsic Alignment 

From: Joachimi et al 2015

R
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“GI” (gravitational-intrinsic) alignment occurs 
between sheared background galaxies and 
foreground galaxies that are tidally aligned with 
the lensing mass.

“II” (intrinsic-intrinsic) alignment occurs 
between physically close galaxy pairs 
experiencing a common tidal force from the 
same environment. Positive on average and 
hence artificially increases amplitudes of shear-
shear correlations.

(Catelan et al., 2001)

Introducing a free parameter A that will be marginalised in the final analysis. 



Results: DLS Cosmic Shear alone

Potential Systematics: Intrinsic Alignments



Weak Lensing: Non-linear Structure

On small scales the power spectrum is dominated by non-linear processes that 
must be accurately accounted lest we risk contaminating the cosmological 
information.


Mead et al (2015) introduced an 
updated Halofit fitting function for 
the non-linear regime, based on the 
OWLS hydrodynamical simulation 
suite. Introducing a single free 
parameter Abaryon, they could 
capture a range of feedback 
processes including DM only. 


From Mead et al (2016) on modelling 
screened modified gravity models



Results: DLS Cosmic Shear alone

Potential Systematics: Nonlinear Pk

Relieving some Cosmic Tension?

As discussed in much more detail by James and Mijin on wednesday



Results: DLS Cosmic Shear alone

Potential Systematics: Nonlinear Pk

DLS

The updated Mead Halofit causes a significant shift in our S8. 

Bringing us in line with Planck. 

Relieving some Cosmic Tension?

Photoshopped 
from Hikage et al 

2018



Conclusions

• The data seem to be supporting GR over Hu+Sawicki 
f(R), albeit rather weakly.


• Still to add the Planck (CMB) likelihood which may 
change the final result.


• Ultimately we would like to test many possible models 
of modified gravity in a fair way using Bayesian 
Evidence.


• Maybe the non-linear model including baryonic 
effects can solve the current S8 tension 


Thank You



Testing Gravity with Spectroscopic Surveys
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4 million LRGs

17 million ELGs

2.4 million QSOs

The largest spectroscopic survey for dark energy
SDSS ~2h-3Gpc3         BOSS ~6h-3Gpc3          DESI 50h-3Gpc3

What is the DESI survey?

10 million brightest galaxies

DESI Survey
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3-point correlation function

As found in Sabiu, Mota, Llinares, Park (2016) the 3PCF in redshift 
space seems to be a promising discriminator between gravity 
scenarios with screening mechanisms. Updating this work with recent 
DESI modified gravity mocks from Baojiu Li (Durham)…



Graph-databases for Cosmology

• # galaxies = 0.3 Million, # randoms = 1.0 Million 
• Correlation scales to the BAO scale ~150Mpc 
• All possible triplets counted - without approximation! 
• On my laptop with 4 OMP threads this took 14 hours

A graph database is a way of organising data with 
relationship information.  

As a benchmark:

With a more standard kd-tree algorithm this took 37 hours

v1 available soon!

If anyone is interested in 
being an early beta-tester, 

please come find me!

Sabiu, Hoyle, Kim, Li 
2018 in prep



Building Graph

Querying Graph

Cosmic Graph Database



Cosmic Graph Database
Algorithmic structure



The AP effect in the 3PCF
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is intrinsically nonlinear. Even at large scales, higher-order con-
tributions to the mapping formula are non negligible. For this
reason, there have been several improved models of RSD that
have been proposed that add correction terms to the Kaiser for-
mula in Eq. (1). Taking account of those e↵ects is thus crucial
and essential for unbiased parameter estimation in the practical
data analysis. On the other hand, the estimation of statistical er-
rors does not typically depend on those elaborate factorized for-
mulations, because the statistical error of each parameter mainly
comes from the measurement uncertainties, including the cos-
mic variance and shot noise. Unless a significant contribution
of higher-order corrections arises, the structure of parameter de-
generacies will remain unchanged. Hence, in this paper, we do
not consider such higher-order corrections.

Nevertheless, the suppression of the galaxy clustering ampli-
tude due to random motions is a non–perturbative e↵ect, which
significantly a↵ects the power spectrum even at large scales, and
should be accounted for in the basic formulation of Eq. (1). Here,
we assume that this FoG e↵ect is given in a factorized form, and
multiplied as,

P̃(k) = D
P

FoG(k)P̃lin(k) . (3)

The D
P

FoG(k) is given by the Gaussian form as,

D
P

FoG(k) = exp

�

⇣
kµ�p

⌘2
�
, (4)

where �p denotes the dispersion of the one-point PDF of the ve-
locity in one-dimension. Note that at smaller scales, the virial
motion of galaxies inside a cluster of galaxies also leads to a
suppression of the power spectrum in redshift space. When
(kµ�p)2 ⌧ 1, the leading order term of Eq. (3) is dominant over
all other higher orders, and the estimated errors are immune from
the exact functional form of Eq. (3). The linear �p is used for
the fiducial value.

While the initial condition for perturbations is assumed to be
Gaussian, gravitational evolution naturally induces mode-mode
coupling, giving rise to the non-vanishing bispectrum. Further-
more, coupled with galaxy bias and RSD, the bispectrum in red-
shift space becomes rather complicated. The resultant leading-
order expression for the bispectrum (e.g., ?), valid at large scales,
is given by,

B̃
PT(k1,k2,k3) = 2

h
Z2(k1,k2)Z1(k1)Z1(k2)P(k1)P(k2) .

+ cyclic
i

(5)

The kernel Z2 is defined as,

Z2(ki,k j) ⌘ b2

2
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where we define µi = (ki · ẑ)/ki, ki j = ki + k j, µi j = (ki j · ẑ)/ki j,
with ẑ being the line-of-sight unit vector. Here, we incorporate
the uncertainty of the nonlinear galaxy bias characterized by b2
into the kernel Z2, adopting the local bias prescription (e.g., ?),
i.e., �g = b �m + (b2/2) �2m + · · · . In the above, the functions F2
and G2 are the standard PT kernel in real space, given by,

F2(ki,k j) =
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with ⌘i j = (ki · k j)/(kik j). Note that the configuration of bispec-
trum satisfies the triangular condition, which is expressed by the
directional vector constraint,

k1 + k2 + k3 = 0 . (9)

In contrast to the redshift-space power spectrum, the influ-
ence of nonlinear RSD on Eq. (5) is not yet fully understood and
studied in detail. Although it deserves further investigation, we
can make an educated guess on the possible damping e↵ect due
to the random motion of galaxies. The FoG e↵ect in the bispec-
trum is assumed to be Gaussian as ?,

D
B

FoG(k1,k2,k3) = exp
h
�(k2

1µ
2
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2
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2
2 + k

2
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2
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i
. (10)

Then the observed bispectrum is given by,

B̃(k1,k2,k3) = D
B

FoG(k1,k2,k3)B̃PT(k1,k2,k3) . (11)

Again, when (kµ�p)2 ⌧ 1, the detailed functional form of D
B

FoG
is not important for our estimation.

In addition to the anisotropies induced by the RSD, the ob-
served galaxy clustering also exhibits anisotropies through the
Alcock-Paczynski (A-P) e↵ect. This can happen if the back-
ground expansion of the real universe di↵ers from the fiducial
cosmology used to convert the redshift and angular position of
each galaxy to the comoving radial and transverse distances.

While this e↵ect leads to the modulation in the shape and
amplitude of the power spectrum and bispectrum, if the shape
of these quantities is a priori known, it o↵ers a unique opportu-
nity to measure the angular diameter distance DA(z) and Hubble
parameter H(z) of distant galaxies at redshift z using the char-
acteristic shape of the galaxy clustering in both the radial and
transverse directions. Furthermore, providing information on the
evolution of density and velocity fields, the two types of apparent
anisotropies (i.e., RSD and A-P e↵ects) become distinguishable,
and the geometric distances DA and H can be separately and ac-
curately determined. This is indeed possible if we know at least
the broadband shape of spectrum. In other words, given a ac-
curate theoretical template which describes the broadband shape
of the power spectrum and bispectrum, the simultaneous con-
straints on the geometric distances and growth of structure are
made possible. We dub this method as a broadband A-P test.

The anisotropies in the power spectrum caused by the A-P
e↵ect are modeled as follows. Denoting the true power spectrum
by P̃ , the observed power spectrum becomes

P̃
obs(k, µ) =
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P̃(q, ⌫) , (12)

where (k, µ) denotes the fiducial coordinates for the underlying
cosmological model, and (q, ⌫) represents the coordinates in the
true cosmology.

The A-P e↵ect for the bispectrum is also modeled in a similar
way, and the resultant shape of bispectrum depends now on five
parameters, i.e., (k1, k2, k3, µ1, µ2). The observed bispectrum is
thus related to the true one given in Eq. (11) through,

B̃
obs(k1, k2, k3, µ1, µ2) =
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⇥ B̃(q1, q2, q3, ⌫1, ⌫2) . (13)

The relations between two coordinates are give by,

qi = ↵(µi)ki , (14)
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Fig. 1. Coordinate system used to denote a specific triangular config-
uration. The line-of-sight direction is taken to be along the z-axis.
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The cosine of angle between two vectors, ⌫i j = (qi · q j)/(qiq j),
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Here, we define ⌘i j = (ki · k j)/(kik j).
Accordingly, the correlation function ⇠B is defined on 5 co-

ordinates space of (r1, r2, r3, µ1, µ2). Higher order correlations
are usually denoted as ⇠n(r1, ...., rn), where n is the order of the
correlation function. As an example, the 3PCF is defined as the
joint probability of there being a galaxy in each of the volume el-
ements dV1, dV2 and dV3 given that these elements are arranged
in a configuration defined by the sides of the triangle, r1, r2 and
r3. The joint probability can be written as

dP1,2,3 = n̄
3[1 + ⇠(r1) + ⇠(r2) + ⇠(r3) + ⇣(r1, r2, r3)]dV1dV2dV3.

(17)

The observed ⇠B in redshift space is appear as anisotropy along
the line of sight, which causes the additional angular dependence
of ✓1 and ✓2 presented in Fig. 1. The µ denotes the cosine of this
angle.

However the observed galaxy clustering anisotropies are
plagued by systematic uncertainties which causes the measured
geometric distances through BAO feature unreliable compared
to other distance probes of the Universe. When the galaxy clus-
tering is viewed from the redshift space, the cosmological den-
sity and velocity fields couple together and evolve nonlinearly.
In addition, the mapping formula between the real and redshift
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Fig. 2. Monopole component of the three point correlation func-
tion is presented. The black solid curve represents the average correla-
tion function, and the blue solid curve represents the measurement from
BOSS DR12.

space is intrinsically nonlinear. These nonlinearities prevent us
from inferring the linear coherent motion from the redshift space
clustering straightforwardly. Although an accurate theoretical
model for the redshift distortion was proposed in, there is no con-
firming statement whether the measured distances are immune
from the complexity arising from all di↵erent types of theoreti-
cal models to explain the cosmic acceleration.

We propose that the geometrical distances can be determined
with exploiting BAO feature as minimal as possible. In the con-
text of standard cosmology, the BAO peak structure is known
by analysing cosmic microwave background (hereafter CMB)
anisotropy produced before the last scattering surface. The pri-
mordial BAO feature is probed in precision by CMB experi-
ments. Then we claim that there is a unique correspondence
between the measured primordial BAO feature by CMB and the
observed geometrical BAO signature by galaxy clustering sur-
vey, which is nearly independent of other cosmological uncer-
tainties.

The geometrical signature of primeval BAO is pre-
cisely observed through galaxy clustering correlation function
⇠B(r1, r2, r3, µ1, µ2). The clustering patterns are di�cult to be vi-
sualised. The location of BAO peaks can be easily found in the
monopole component of ⇠B, which is presented in Fig. 2. The
monotonous anisotropic shape is observed with inner contours at
ri
<⇠ 150 Mpc. The squeezed clustering pattern along the radial

direction is determined by the competition between monopole
and quadrupole amplifications which are caused by density and
velocity fluctuations respectively. BAO peak structure is ob-
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Triangular configuration 
for the 3PCF. 
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The anisotropic 3PCF

Using 400 Quick-Particle-Mesh 
(QPM) mock catalogues mimicking 
the BOSS DR12 CMASS survey
 
We calculate the 3PCF for 
equilateral configurations at 
different angles to the line-of-sight 

When one side of the triangle lies 
close to the los we see the usual 
kaiser suppression.

This suppression disappears when 
looking at triangles that lie flat on 
the plane of the sky.



The BAO membrane

From the mean of the mock 
catalogues we determine the 
peak location as a function of 
angle

This forms a membrane in the D, 
theta1, theta2 space
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The BAO membrane

Using SDSS DR12 CMASS 
North and South patches 
combined

We measure the isotropic 3PCF 
and determine the peak location

Error are from 400 QPM mocks
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Isotropic (angle averaged) equilateral 3PCF
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The BAO membrane

Again using the DR12 Galaxies

we measure the anisotropic 
equilateral 3PCF 

We again see a clear peak 
structure for various angular 
configurations

Anisotropic equilateral 3PCF



The BAO membrane

This is work in progress and will 
be completed soon.

Only thing left to do is fit the 
DA and H by varying the peak 
points measued in DR12 to the 
simulated membrae structure.

Anisotropic equilateral 3PCF
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Shortly after its discovery, General Relativity (GR) was used to predict the behavior of our Universe on the
largest scales, and later became the foundation of modern cosmology. Its validity has been verified on a range
of scales and environments from the Solar system to merging black holes. However, experimental confirmations
of GR on cosmological scales have so far lacked the accuracy one would hope for – its applications on those
scales being largely based on extrapolation and its validity there sometimes questioned in the shadow of the
discovery of the unexpected cosmic acceleration. Future astronomical instruments surveying the distribution
and evolution of galaxies over substantial portions of the observable Universe, such as the Dark Energy Spec-
troscopic Instrument (DESI), will be able to measure the fingerprints of gravity and their statistical power will
allow strong constraints on alternatives to GR.

In this white paper, based on a set of N -body simulations and mock galaxy catalogs, we study the predictions
of a number of novel estimators beyond linear redshift distortions in two well-studied modified gravity models –
chameleon f(R) gravity and a braneworld model – and the potential of testing these deviations from GR using
DESI. These estimators employ a wide array of statistical properties of the galaxy and the underlying dark matter
field, including two-point and higher-order statistics, environmental dependence, redshift space distortions and
weak lensing. We find that they hold promising power for testing GR to unprecedented precision. The major
future challenge is to make realistic, simulation-based mock galaxy catalogs for both GR and alternative models
to fully exploit the statistic power of the DESI survey (by matching the volumes and galaxy number densities
of the mocks to those in the real survey) and to better understand the impact of key systematic effects. Using
these, we identify future simulation and analysis needs for gravity tests using DESI.

Density (local environment) Weighted Statistics 

Using the density weighted statistics suggested by Martin White (2016).
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FIG. 10. The Zel’dovich-approximation prediction of the White marked correlation function with p = 10 and ⇢⇤ = 4, for models F4
(shown in dashed red curves), F5 (dot-dashed green), F6 (dotted blue), and GR (solid black) at redshift z = 0.5. We consider the cases
of dark matter and biased tracers. We fix the GR large scales bias to bL = 1 + b1 = 2.2, which is suitable for the halo masses interval
2.8⇥ 1013 < Mh/(M�h

�1) < 1015. The data points are the simulation result taken from the left panel of Fig 7: black data points with error
bars are for GR, blue for F6, green for F5, and red for F4. The lower panel shows the relative differences in the marked correlation function
for traces (and the data) with respect to the Zel’dovich approximation in GR. Sukhdeep: Why are the errors on F4 larger than the others. This
appears to be the case in several other plots also.

Such transformations include: the logarithmic transform of the density field [76–78], for which the transformed field becomes
more Gaussian, facilitating easier information extraction from the 2-point function; a clipped density field [79–81] in which
density peaks are all allocated a common value �0,

�
0 = �c =

(
� if � < �0

�0 if � > �0.
(10)

and more general “marked” density transformations that up-weight lower densities. An example of such a mark is the one
proposed by M. White in [82],

�
0 = m(�) =

✓
⇢⇤ + 1

⇢⇤ + ⇢

◆p

=

✓
⇢⇤ + 1

⇢⇤ + (� + 1)

◆p

, (11)

where ⇢⇤ and p are free parameters and ⇢ the dark matter mass or tracer number density field in a grid cell, in units of the mean
density ⇢̄. Marked statistics have been previously explored in the context of MG in [83], using CDM simulations produced in
[37]. Tested on the f(R) and symmetron [84, 85] MG models, the density-marked statistic was found to boost the signal-to-noise
ratio encoded in the two-point statistics, providing thus additional discriminatory power with respect to ⇤CDM.

To calculate the marked correlation function for our models, we measure the galaxy number density using the nearest-grid-
point scheme (see, [86, 87]), by dividing the simulation box into cells of the same size, and then counting the number of galaxies
inside each cell and using this to assign a density to the cell. Hence, we can compute the overdensity, �, as:

1 + � ⌘
ng

n̄g

, (12)

where ng is the number of galaxies in each cell and n̄g is the mean number of galaxies in cells of a given size over the simulation
volume. To compute the density we have used 603 cells of size ⇠ 17 h

�1 Mpc. This density assignment scheme can also be
used to calculate the mass overdensity in each cell, following the same procedure for the determination of the mass density on a
grid with the same resolution of 603.

19

FIG. 12. Figure comparing the density marked correlation function where the density was estimated using Voronoi tesselation. The left
panels are in for analyses performed in real-space, while the right hand panels are in redshift-space. The top panels using the parameters
⇢⇤ = 1, p = 1, middle panels ⇢⇤ = 4, p = 1 and lower panels have ⇢⇤ = 4, p = 9).

2. Newtonian gravitational potential

The analysis of the marked correlation function can be extended by using different definitions of environment. In the above we
have used the density field, but it is also useful to study the case in which the mark is defined using the Newtonian gravitational
potential, �N , which is another quantity commonly to define environments (see e.g., [94–96]).

As mentioned in Sec. II C dark matter halos follow a NFW density profile [97, 98]:

⇢NFW =
⇢s

(r/rs)(1 + r/rs)2
, (14)

where rs is the characteristic radius where the profile has a slope of �2 and ⇢s is the density at this radius. Hence, the gravitational
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The parameter space ✓ = {⌦M ,⌦b,�8,⌦DE , w, ns, H0, XMG} ⌘ {�, } is

partitioned into the common parameters, � = {⌦M ,⌦b,�8,⌦DE , w, ns, H0} and

the extra parameters  = {XMG,1, XMG,2, ...} describing the modification to

GR. This is known as a nested model.

Within a Bayesian framework (Verde et al., 2013), the key quantity for

comparing them is the Evidence (or model-averaged likelihood)

E =

Z
Pr(✓|M)Pr(D|✓,M)d✓.

Our aim is to confront out degree of belief in the two di↵erent models

MXMG=0 and MXMG 6=0 in light of the data, ie to compare Pr(MXMG=0D)

and Pr(MXMG 6=0D).

Developing each term with Bayes theorem Pr(M|D) = Pr(D|M).P r(M)/Pr(D),

we can write,

Pr(MXMG 6=0|D)

Pr(MXMG=0|D)
=

Pr(D|MXMG 6=0).P r(MXMG 6=0)

Pr(D)
.

P r(D)

Pr(D|MXMG=0).P r(MXMG=0)

Comparing models



Do the data support the inclusion of an extra, non-zero parameter 
describing a modification to gravity ie XMG.  

Rather than a question of parameter estimation (i.e. the determination of 
the most probable values for the extra parameters within the context of 
a single model), this is a question of model comparison between two 
models, with or without XMG.

We wish to get the set of parameters ✓ = {⌦M ,⌦b,�8,⌦DE , w, ...} which
maximise the probability of our model M given the data D, i.e. the posterior
probability distribution Pr(✓|{D,M}).

Bayes’ theorem relates it to the likelihood L ⌘ Pr(D|{✓,M}), via the prior
⇡ ⌘ Pr(✓|M):

Pr(✓|{D,M}) = Pr(D|{✓,M}).P r(✓|M)

Pr(D|M)
=

L.⇡
E

, (1)

Where the evidence E = Pr(D|M) is the probability of getting the data D,
given the model M and can be seen as the average over all possible parameters
within a model.

Comparing models
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partitioned into the common parameters, � = {⌦M ,⌦b,�8,⌦DE , w, ns, H0} and
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Z
Pr(✓|M)Pr(D|✓,M)d✓.

Our aim is to confront out degree of belief in the two di↵erent models

MXMG=0 and MXMG 6=0 in light of the data, ie to compare Pr(MXMG=0D)

and Pr(MXMG 6=0D).

Developing each term with Bayes theorem Pr(M|D) = Pr(D|M).P r(M)/Pr(D),

we can write,

Pr(MXMG 6=0|D)

Pr(MXMG=0|D)
=

Pr(D|MXMG 6=0).P r(MXMG 6=0)

Pr(D)
.

P r(D)

Pr(D|MXMG=0).P r(MXMG=0)

Before looking at the data we have no prior 
preference for either model and can set this 

ratio = 1
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This leave us with,

Pr(MXMG 6=0|D)

Pr(MXMG=0|D)
=

EXMG 6=0

EXMG=0

We use the slightly modified Jeffreys’ scale 

(Jeffrey 1961; Kass & Raftery 1995; Verde et al. 2013)
Large scale distribution of mass versus light from BAOs: search in the BOSS survey 15

ln(EBL,� 6=0/EBL,�=0) interpretation betting odds

< 1 not worth a bare mention < 3 : 1

1� 2.5 substancial 3 : 1

2.5� 5 strong > 12 : 1

> 5 highly significant > 150 : 1

Table A1. The slightly modified Jeffrey’s scale we use to interpret the Evi-
dence ratio ln(EBL,� 6=0/EBL,�=0).

This paper has been typeset from a TEX/ LaTEX file prepared by the
author.

c� 2012 RAS, MNRAS 000, 1–14

ln(EXMG 6=0/EXMG=0)
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The evidence 

The parameter space ✓ = {⌦M ,⌦b,�8,⌦DE , w, ns, H0, XMG} ⌘ {�, } is

partitioned into the common parameters, � = {⌦M ,⌦b,�8,⌦DE , w, ns, H0} and

the extra parameters  = {XMG,1, XMG,2, ...} describing the modification to

GR. This is known as a nested model.

Within a Bayesian framework (Verde et al., 2013), the key quantity for

comparing them is the Evidence (or model-averaged likelihood)

E =

Z
Pr(✓|M)Pr(D|✓,M)d✓.

Our aim is to confront out degree of belief in the two di↵erent models

MXMG=0 and MXMG 6=0 in light of the data, ie to compare Pr(MXMG=0D)

and Pr(MXMG 6=0D).

Developing each term with Bayes theorem Pr(M|D) = Pr(D|M).P r(M)/Pr(D),

we can write,

Pr(MXMG 6=0|D)

Pr(MXMG=0|D)
=

Pr(D|MXMG 6=0).P r(MXMG 6=0)

Pr(D)
.

P r(D)

Pr(D|MXMG=0).P r(MXMG=0)

is an N-dimensional integral over the parameters of 
the model. This is computationally difficult to 
compute when N>3.

However this integral can be estimated using a random sampling algorithm, a good 
example is the nested sampling algorithm, MultiNest (Feroz & Hobson 2008) 

The evidence is larger for a model if more of its parameter space is likely 


The evidence is smaller for a model if large areas in parameter space having low likelihood 
values, even if the likelihood function is very highly peaked. 


Thus the evidence automatically implements Occam’s razor 
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