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Axions and the strong CP problem

Jihn E. Kim”

Current upper bounds on the neutron electric dipole moment constrain the physically observable
quantum chromodynamic (QCD) vacuum angle |(§|§10‘“. Since QCD explains a great deal of

experimental data from the 100 MeV to the TeV scale, it is desirable to explain this smallness of |6
in the QCD framework; this is the strong CP problem. There now exist two plausible solutions to this
problem, one of which leads to the existence of a very light axion.

axions may constitute a significant fraction
of the dark matter of the universe.
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Scalar field: T, = ¢ a0 — icb;ccb,c + V) gap

Cb;cc — Vt;b R

Axion: V= %mggﬁg



Axion as a CDM candidate, proofs:

Background order: Abbott, Sikivie (1983)
Dine, Fischler (1983)
Preskill, Wise, Wilczek (1983)

Newtonian: Khlopov, Malomed, Zeldovich (1985)

Linear perturbation order: Nambu, Sasaki (1990) Zero-shear gauge
Ratra (1991) Synchronous gauge
JH (1997) Uniform-curvature gauge
Sikivie, Yang (2009) Zero-shear gauge
JH, Noh (2009) Axion comoving gauge (ACG)
Extreme low-mass: Fuzzy dark matter, huge industry!

Nonlinear order: Noh, Park, JH (2013, 2015) acG
Fully nonlinear and exact: (2017) AcG



Fully NL & Exact
Pert. Theory

JH, Noh, MN 433 3472 (2013)
JH, Noh, Park, MN 461 3239 (2016)
Gong, JH, Noh, Wu, Yoo, JCAP 10 027 (2017)



Decomposition, possible

Convention: (Bardeen 1988) to NL order

ds? = —a? (14 2a) d® — 242 (5 + B§"”>) drN o Tr-pere
+a’ {(1 + 2¢) gg) % + %'l? + jfz) + 2 %-;)} da'da?

Xaﬁﬂ% WE”B,?”HW,

N Spatial gauge condition 1

1 02

Tab = pugup + P (UgUp + Gap) + Tap, Ui = ay— 7=

p=p+op=p(l+90), p=p+op, vi=-v;+v,
Spatial gauge: /7/50501_('0)7
Xi = X,i Tt a\llg”) —q (5,%. n Bi(v))

Temporal gauge still not taken yet!

‘ Complete spatial gauge fixing.
Remaining variables are spatially gauge-invariant
to fully NL order! .. Lose no generality!

(JH, Noh 2013)



Metric convention:

B B N 3
Joo = —a” (14 2a), Joi = —axi, gij = a” (1 +2¢) g'z‘(j)‘

INnverse metric:

00 &+ 1+2¢p
‘ a? (1 +2¢)(1 + 2a) + x*xx/a?®’

- goz 1 X'/a
a? (14 2¢)(1 + 2a) + xFxk/a?’

~ij 1 (3)ij X'x! /a® )
- g7 = aZ(1+ 2yp) (g : (14 20)(1 4 2a) + Ykxi/a? ) Exact!

Using the ADM and the covariant formalisms the rest are simple
algebra. We do not even need the connection!

Fully Nonlinear Perturbation Equations
without taking temporal gauge condition

Noh, JH, MNRAS (2013); Noh, JCAP 07 (2014) 037



With TT perturbation: TlT

Joo = —a* (1+2a), goi= —axi, gij =a”[(1+2p)d;; + 2hi;] .

T

raised and lowered using 0;; |

+ 2y +207 =0
g (i) —

Spatial Gauge taken

=spatial Harmonic to 1PN

a*N?’ aSN2(1+2p+ 1)
1 .. 1 y (6% H*Y (698 + HI*
i a*(14+2p+1) a*N2(142¢p+1)

(14 2¢)h" — 2R R,
(1 + 2(,0)2 — Qhkghkg ’

hyeh® BEm
(1 —+ 2(,0)2 — Qhkehkg

HY = -9 I §
3

609 + HY
N = 1+2 i = aN
a\/ -+ a+(£2(1+2¢+1)x,)(.; a

Gong, JH, Noh, Wu, Yoo, JCAP (2017)




Without any assumption: T TlT
(v)

ds? = —a®(1+ 20)dn? — 242 Bydnda' + o [(1 +20)d5 + 2745 + 20 ) + 202-9} do’ da?

Bi=p+B" xiza(Bi+aii+all") Vi=q,+ 00+ Cy
det [hi;] = a®| (1 + 20 + Ay)% + (A7)? — 2Y’€5YM}

ADM intrinsi¢ curvature y jl r2lo+ E(A'Y)B - 3(A'Y)Ylekl + QYlekalm
3 (14204 Av)? + (Av)? — 2YPeY,, ’

v

=p

€ tm€ pglpihgm = 2a* [(1 + 20 + Ay)* + (Av)? - 2YMYM}

o 5ii g (L4 20+ 2A7)VY — 2V Y,
B gOO _ 1 N (1 +2¢ + APY)Q + (A7)2 - 2Yle2mj ’
- 9075 = —— 62:}? +HY — Xj +—— All spatial indices raised and lowered by §;
a*N2(1+20) a’
iy 1 y y 51!@ —I—Hik 6jl —I—Hjl
gj: 2 —~ |:6J+HJ_( 2 2)( —~ )Xk?Xl .
_ a*(1 + 2p) a’N?2(1+2p)

o + HY
N = CL\/l -+ 20 + 5 + —
Gong, JH, Noh, Wu, Yoo, JCAP (2017) a (1 + 290)

XiXj = alN



Temporal gauge (slicing, hypersurface):

comoving gauge :
zero—shear gauge :
uniform—curvature gauge :
uniform—expansion gauge :
uniform—density gauge :
synchronous gauge :

v =0,
X = 0, Longitudinal, Newtonian, Poisson, ...
CPAEO/Perturbed trace of extrinsic
K =0, curvature, K

K=-3H+«k

0 =0, ~Maximal Slicing (K = 0)
a = (. — Remnant gauge mode

Applicable to fully NL orders!

—

Except for synchronous gauge, complete
gauge fixing. Remaining variables are
gauge-invariant to fully NL order!



Zero-pressure
Irrotational fluid

Comoving gauge



Linear-order: (Lifshitz 1946, synchronous gauge, comoving gauge)

54225 —4nGus =0,
a Relativistic/Newtonian

correspondence to second order.

This equation is valid to fully

nonlinear order in Newtonian

0 1 theory.

1
8—|—2 3—477Gu8———— aV - (éu)] —|— V (u - Vu)
a? ot

Second-order: (Noh, JH 2004, comoving gauge)

Pure relativistic correction

Thi rd—o rder: (JH, Noh 2005, comoving gauge) appearing from third order.
All terms involve =@,

| 1
54022 8—471'G,u<3————[aV (Bw)] + =V - (u- Vo)
a

1 J 4 1
+——{a[2<pu—V(A—1X)].va}——v. ¢|u-Vu—-uV-u
a? ot a? 3

2 A 1 | 2
+ s=pu- V(V- u)—|— u-V(A ' X)] - su- VX — — XV -u,
3a? a 3a

3
XE2g0V-u—u-Vgo—I—EA_IV-[u-V(Vgp)—I—uAgo].




Baryonic matter power spectrum
IN the CDM model: linear order

A [h=! Mpc]
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Leading Nonlinear Density Power-spectrum
INn the Com

10*
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: P, (k) S\ _Jeong et al 2011

: P_ (k) \\/

: F’ZZ(L() i
: P13.Newton(k) ‘\ 13,Einstein |
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Newton’s gravity in cosmology!

(Jeong, Gong, Noh, JH 2011)



Zero-pressure irrotational fluid In
the comoving gauge (no TT)

Covariant energy-conservation:

. . 20x°8.;

§—k—dk+—x'8; | —2—1
FTET R YT ¥ 29)

Trace of ADM propagation (Raychaudhury equation):

1 1 1 [ . |
kK +2Hk —4nGop — =k® + =x'ki— — | X' xii — = (Ax)||=
3 a’ at 3

20x'ki 4e(l+9)
a*(1 4+2¢) a*(1 +2¢)?

y 1 ,
[x X — 3 (Ax)'}

2 A N 2 g0 i 1 1( Wi N2 i o . hZA AVl+5
+m{§( X)X @i —2x xi0,j + T+ 20 [5 X'0i) + X xie @.,;]J omZa ST

ADM momentum constraint:

( _|_£) | _20AX 2l 1 [Z(A) ._|_l Egrie — -k+§ A _E l ( . _|_l ) -k]

K azx F - az(] +2@) a:(] +2(p)2 X qo.! 2X go..'.l.' X.!k@ 2X.n‘ go 2 I +2 X.!(p,k SXJ'\'QO.F (lp N
| _ RHS = pure Einstein’s gravity corrections,

Newtonian

starting tfrom the third order, all involving @
Curvature perturbation

Definition of kappa + ADM momentum constraint: in the comoving gauge R,

Skl BN R | 1 Axion!
[l +-20= (1 + 207 |[X ¥ FRaR— +2¢ (i s +3xr0i) 0 ] ' ® Madelung, E., Z. Phy 40 322 (1927)
. 1 = Khlopov, Malomed, Zeldovich, MN
Identify: ﬁ‘j\E —EV -u 215 575 (1985)

AN i o " Bose-Einstein condensation
(JH, Noh 2013) Perturbed part of the trace of extrinsic curvature = Noh, JH, Park, ApJ (2017>



AXIOn

AXIONn comoving gauge



Background:

—1
Strictly ignore: —HO = 2.133 X 1028h( _’:l )
m 1077 eV

Ansatz: ¢ (t) = ¢ (t) sin(mt) 4+ ¢_(t) cos(mt)
(Ratra 1991)

EOM: ¢ +3Hp +m*p =0,

— (1) = a ¥2[¢gsin(mi) + ¢ cos(mr)]
Fluid quantities:

1,. _
= 5(452 +m?¢?) = gmza *(¢20 +920).
1 2mw/m

o Ns2 22\
p—2(¢5 mgb)—O, (F(D)) __—__ /f(r)dt

. Pressureless fluid!



Linear order:

Ansatz: S¢(k,t) = 6¢p+(k, t) sin(mt) + d¢p—(k, t) cos(mt).

Fluids: 8/t = (#8¢ — p*a + m$S¢),
5p = (pdd — p*ar — m*Ppsep),
%w +p)v=(psp). =0

Anisotropic stress
J 2

. N
EOM: 0¢p +3Hop + a—25q5-|— V 00

=k +&)+ ¢ +3Hp)a.

Axion-comoving gauge: (u, + p, v, = 0.



Derivation in AXion comoving gauge:

Energy conservation & Raychaudhury equations:

0=k
A 0
i+ 2Hk = 47God + =
a’ o
EOM 1 A
TCi-c 6 — 5

. . 1 A2
= 0+2H)— (4nGop— ——5— |6 =0
4 m4a

Valid in ALL cosmological scales

(JH, Noh2009)



AXIon Jeans scale:

4 m?a*

Sound speed: ¢, = op = 1k
o 2ma

Jeans scale: (Khlopov, Malomed, Zeldovich 1985; Nambu, Sasaki 1990)

. . 1 k4
0+2H0 — | 4nGp — — 0=20

y, oz _ (7 \
Tk, T G om?
_ —1/2 m —1/2
o0h (10_5€V) AU
—1/2
= o4p 12 (0 M
h (10_256V) pe

"~ CDM in ALL cosmological scales for QCD axion
Fuzzy dark matter for extremely low-mass axion
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Axion as a Cold Dark Matter Candidate: Proof to Fully Nonlinear Order

Hyerim Noh' @, Jai-chan Hwang®, and Chan-Gyung Park’
Fully nonlinear and exact:

A
- 2m2q2c2 NG,
12
A
4Am?a? €
o1 1

: . , L - o — 8k
Anisotropic stress: H@] = 2o 0 0,0, 3(513@ 0.k

Perturbed lapse: ) N

Perturbed pressure: 5p = —




Weak gravity limit:

Energy conservation & Raychaudhury equations:
: 1 1
0+-V-u+-V-(fu)=0

a a

1 1
=i v (u+Hu) +47G o6 + —V - (u- Vu)
a a

A AVI+6
T om2at 140
5+ 2H — 47God + % aV - (ou)| — a—lgv - (u-Vu)
 RPA AVI+S
T o2m2at V140

Zero-pressure, irrotational, no GW in Axion comoving gauge
Exact!



| ow-mass AXion
Fuzzy dark matter



Low-mass AXION: (park, JH, Noh 2012)

Constant mass:

£
<
Z
=1)]
2
Evolving mass:
molay/a)® a < ay,
m(a) =
my a = dy,
E
~
z
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Low-mass axion as a fuzzy CDM: (park, i1, Noh 2012)

A [h~! Mpc] 6=180°/t [degree]
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If the dark matter is composed of FDM, most observations favor a particle mass =>1072% eV
Hui, Ostriker, Tremaine, Witten (2017)



Neutrino as a HDM: (park, 1, Noh 2012)

A [h~! Mpc] 6=180°/t [degree]
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mass ranges from m, = 0.154 eV (Q,, = 0.01; red) to 0.769 eV (),, = 0.05; violet curves), with a relation (Q,, + Q.)h> =
0.1123. Black curves represent the power spectrum of the fiducial ACDM model with massless neutrinos. The curves in the bottom



Quantum Nature



Madelung’s QM interpretation:

Quantentheorie in hydrodynamischer Form.
Von E. Madelung in Frankfurt a. M.

(Eingegangen am 25. Oktober 1926.)

8 7% m A xm oy
AV =g U=t == 5y =% )
| 8
— i f = — -
P o e iy S5 mm u grad g
. h _
Identify: u=Vu=Vp= —EV5 a=.,/0
9
/m— Continuity eq.: div (o grad @) + %‘—}% — 0. (4)
Re — Mom-conserv.: -
on 1 o du grad U Ado. h* y
— — - — /= | & d . 3
ot T 2 grad u dt m T|era oo 8 m?m? (3%

Quantum pressure

w _ \/Ee—imu/h



mh

0—>eV

1
~ 5.4 X 101401'1’1\/

=
Go

mh
m

h

(Hu, Barkana, Gruzinov 2000)



