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Concepts of dark matter halos

matter perturbation

• All the galaxies are considered to form within halos
• Modeling halo power spectrum is the first step to interpret the observed galaxy 

clustering to study dark energy /modified gravity. δ"($ − $′) ()) $ = δ)($)δ)∗ ($′)
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What is physical boundary of a halo?

Figure taken from S. More et al (2016)
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r > Rsp : infall region
r < Rsp : multi-streaming region



Splashback feature in phase space

Figure taken from X. Shi (2016)Distance from halo center
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Splashback feature in density profileSplashback feature in real space

N-body simulations from Diemer & Kravtsov 2014 (DK14)

DM density steepening relative to Einasto/NFW

Rsp ~ r200m for high-mass forming halos

Halo edge, Rsp



First measurement of splashback radius
• More,	Miyatake,	Takada	et	al.	2016

Figure taken from S. More et al (2016)
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to infer ( )DS R from the observable weak lensing distortion,
and the change in the conversion from angular coordinates to
comoving coordinates (More 2013). These two factors roughly
cancel each other, leaving the inferred comoving density profile
around the clusters approximately unchanged (More 2013).
Nevertheless, the R200m inferred from the density profiles would
be smaller by about 7% since the definition of R200m is tied to
the cosmological mean matter density, such that

µ W-R200m m
1 3 , approximately. The change in the conversion

of angles to comoving distances will reduce the location of the
observed splashback radius by about 1%. Overall this will
result in an increase of the observed R Rsp 200m ratio by about
5%–6%. However, because the expected value of R Rsp 200m
also depends on Wm (Adhikari et al. 2014; Diemer & Kravtsov
2014; More et al. 2015), this larger observed value will have to
be compared to a 4% larger theoretical expectation. Thus a
change to the cosmological parameters in the context of a flat
ΛCDM model is not expected to significantly reduce the extent
of the observed discrepancy.

Dark matter self-interactions have long been proposed to
alleviate problems on small scales in the standard cosmological
model (see e.g., Spergel & Steinhardt 2000). Under certain
conditions, discussed below, the drag force due to interactions
between dark matter particles of subhalos and cluster halos
could lead to loss of orbital energy by subhalos even on the first
crossing, thereby reducing the splashback radius.

For isotropic elastic scattering, we do not expect dark matter
self-interactions to significantly affect the splashback feature,
because the upper limits on such an interaction cross-section
are sufficiently stringent to ensure that most dark matter
particles do not experience any scattering events during a single
orbit (Gnedin & Ostriker 2001; Randall et al. 2008). Of the few
subhalo particles that do scatter, most are ejected from their
subhalos, since the orbital velocities of subhalos within
massive hosts are typically larger than the internal escape
velocities of those subhalos. Therefore we would expect
evaporation of subhalo masses, without a significant drag for
isotropic scattering.

On the other hand, if dark matter self-interactions are
anisotropic, with large cross-sections for small angle scattering
and low cross-sections otherwise, then the momentum transfer
during dark matter interactions may not necessarily be large
enough to ensure ejection. The small angle scattering cross-
sections could then be large enough for dark matter particles to
experience frequent interactions and yet obey the bounds on
subhalo evaporation. The subhalos would experience a net
deceleration given by

( ) ( ) ( )r s
=d

r t v t
m

,
2

3
2

tr

dm

where v(t) is the relative velocity of the subhalo, ( )r r t, is the
time-dependent density profile of the cluster halo, mdm is the
mass of the dark matter particle, and str is the momentum
transfer cross-section (Kahlhoefer et al. 2014).

We have carried out simple analytical calculations based on
a spherical collapse model similar to Adhikari et al. (2014; see
also Adhikari & Dalal 2016), but including a velocity-
dependent drag term of the above form. We find that the
momentum transfer cross-section required to reduce the
splashback radius by ≈20% can range from 1 to
10 cm2 g−1 depending upon the pericenter of accreting halos
on their first passage through the halo (S. More 2016, in

preparation). The ambient dark matter density, and the relative
velocity, hence the resultant drag, reach a maximum at the
pericenter. Therefore, a proper treatment of the orbital
parameters of subhalos expected in the standard structure
formation model is required to determine the effects of dark
matter self-interactions on the splashback radius (Jiang et al.
2014). We defer such investigations to a future paper.
Although the existing constraints on such scenarios are

pretty weak, the recent discovery of galaxy displacement with
respect to its subhalo in one of the clusters (Harvey et al. 2015)
could be a signature of self-interaction (with a cross-section
consistent with that required to explain Rsp discrepancy, see
Kahlhoefer et al. 2015). Numerical simulations of this type of
dark matter self-interaction, similar to the simulations
performed for hard-sphere interactions (Elbert et al. 2015),
would be required to refine the estimate of the cross-sections
stated above further.
Note that even if the self-interactions will ultimately not turn

out to be the explanation for the splashback radius discrepancy,
our analysis shows that precise measurements of galaxy
distributions in clusters could provide valuable and competitive
constraints on the cross-section of dark matter self-interaction.
If we assume that the differences in the splashback radius we

find are not due to the above possibilities and we trust the
simple dynamics within the gravitational potential of halos,
then our measurements of the smaller splashback radius would
either require a different phase space structure in the outskirts
of cluster halos or extreme mass accretion rates onto our cluster
subsamples. The former possibility requires the velocities of
material in the infall streams to be about 25%–30% smaller. For
the latter possibility, our parent sample of clusters requires
values of G ~ 4 , while the high-cgal sample prefers values of Γ
∼ 4. This would represent a serious challenge to the standard
cosmological model. Whether modifications to gravity could
achieve such values, while still obeying the bounds from
galaxy cluster abundances, needs further careful evaluation
(Adhikari et al. 2016).

6. SUMMARY

We have used SDSS redMaPPer galaxy clusters and
photometric galaxies around them to observationally investi-
gate the boundaries of galaxy clusters, and their relation to
assembly history and to halo assembly bias on galaxy cluster
scales. For this purpose, we have considered two cluster
subsamples defined in Miyatake et al. (2016) which share
identical richness and redshift distributions, but have different
internal distributions of cluster members. These subsamples
were shown to have similar halo masses as inferred from weak
gravitational lensing, but have different large-scale biases as
measured from their large-scale weak lensing and auto-
correlation signals (Miyatake et al. 2016). Our results can be
summarized as follows:

1. We detect the surface number density profiles of SDSS
photometric galaxies with - < -M h5 log 19.4 3i

0.1

around both our cluster subsamples. The surface densities
show a sharp steepening around scales of -h1 Mpc1 .

2. We modeled the two surface density profiles using the
profile advocated by Diemer & Kravtsov (2014), to infer
the location of the steepening in projected and real space
for both cluster subsamples. The steepening of the surface
density profiles occurs at significantly different locations
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• Finally,	it	turned	out	that	the	discrepancy	
was	likely	due	to	the	observational	
projection	effect	(Busch	&	White	2017).



Dark matter distributions for 
different DM modelsHalo Formation with EAψDM L37

et al. 2017; see also Gonzalez-Morales et al. 2017, who derived
a smaller mass when considering the mass-anisotropy degeneracy)
since the larger the particle mass, the smaller the core. The second
class of constraints focuses on the abundance and size of cosmic
small-scale structures, especially at higher redshifts. For example,
the Lyα forest data suggest m22 ! 10 (Armengaud et al. 2017; Iršič
et al. 2017), and the high-z luminosity functions and reionization
imply m22 ! 1 (e.g. Schive et al. 2016; Corasaniti et al. 2017). There
is thus a moderate but distinct tension between the two types of con-
straints, which is similar to, but not as severe as, the ‘Catch 22’ prob-
lem of warm dark matter (Macciò et al. 2012). As found by Zhang
& Chiueh (2017a,b), EAψDM predicts significantly more abundant
small-scale structures and therefore low-mass haloes compared to
FPψDM with the same particle mass, and thus could alleviate this
tension. Here, we report the first quantitative study on this subject.

This Letter is structured as follows. We describe the simulation
setup in Section 2 and show the results of halo mass function (MF)
and assembly history in Section 3. Finally, we discuss and summa-
rize our findings in Section 4.

2 SI M U L ATI O N S

2.1 Initial power spectra

In the ψDM scenario, quantum pressure resulting from the
uncertainty principle suppresses the small-scale structures be-
low a characteristic Jeans scale. This suppression can be ex-
pressed by the CDM-to-ψDM transfer function, T 2

ψDM(k, z) =
PψDM(k, z)/PCDM(k, z), where P is the power spectrum. Although
TψDM(k, z) is in general redshift-dependent, Schive et al. (2016)
showed that it can be well approximated as redshift-independent
for the particle masses (m22 ∼ 1), redshifts (z ∼ 4–11), and halo
masses (Mh ! 109 M⊙) relevant to this work, mainly because the
Jeans mass is well below 109 M⊙.

The FPψDM transfer function is given by (Hu et al. 2000)

TFPψDM(x) ≈ cos x3

1 + x8
, x = 1.61 m

1/18
22

k

kJ ,eq
, (1)

where kJ ,eq = 9 m
1/2
22 Mpc−1 is the Jeans wavenumber at the matter-

radiation equality. It exhibits a sharp cut-off at k ∼ kJ, eq and strong
oscillations for k > kJ, eq. In comparison, the EAψDM transfer func-
tion with the same particle mass features a larger cut-off wavenum-
ber and a spectral bump before the cut-off (see fig. 3 in Zhang &
Chiueh 2017b), which has been verified later by Linares Cedeño,
González-Morales & Ureña-López (2017).

Fig. 1 compares the linear matter power spectra of CDM, FPψDM
and EAψDM at z = 100. We adopt the fiducial cosmological pa-
rameters of #m = 0.30, #$ = 0.70, #b = 0.06, h = 0.70, and ψDM
parameters of m22 = 1.1 and δθ0 = 0.◦2. The EAψDM power spec-
trum shows a broad spectral bump peaking at k ∼ 8 h Mpc−1 and
exceeding the CDM power spectrum by a factor of 5, suggesting a
significant excess of haloes with Mh ∼ 3 × 1010 M⊙. In addition,
the EAψDM power spectrum exhibits a cut-off wavenumber about
a factor of 2 larger than that of FPψDM, indicative of significantly
more haloes below ∼1010 M⊙. We quantify these differences from
cosmological simulations in Section 3.

2.2 Simulation setup

Genuine ψDM simulations solving the Schrödinger–Poisson
equation are extremely time-consuming since the matter wave

Figure 1. Linear power spectra of CDM, FPψDM and EAψDM at z = 100.
Both ψDM power spectra feature a strong suppression at the high-k end,
while EAψDM shows a broad spectral bump peaking at k ∼ 8 h Mpc−1 and
a cut-off wavenumber roughly twice larger than that of FPψDM.

dispersion relation demands exceptionally high spatial and tempo-
ral resolutions to resolve the wavefunction accurately (e.g. Schive
et al. 2014a,b). However, Schive et al. (2016) show that collision-
less N-body simulations with ψDM initial power spectra can be
adopted to study the ψDM evolution as long as the dynamical ef-
fect of quantum pressure is negligible for the redshifts and halo
masses of interest. In this work, we focus on haloes more massive
than ∼2 × 109 M⊙, an order of magnitude higher than the ψDM
Jeans mass with m22 ∼ 1 at z ∼ 10, and we do not address the in-
ternal structure of haloes (e.g. the cuspy or cored density profiles).
Therefore, it is sufficient for our purpose to conduct the collisionless
N-body simulations.

We use the CAMB package (Lewis, Challinor & Lasenby 2000) for
generating the CDM transfer function, the MUSIC code (Hahn &
Abel 2011) for constructing the initial conditions, and the GADGET-2
code (Springel 2005) for the N-body simulations. We adopt a fidu-
cial simulation configuration of (L, N ) = (80 h−1 Mpc, 10243),
where L3 is the comoving box size and N is the total number of
simulation particles. It corresponds to a particle mass resolution
of ∼5.7 × 107 M⊙. This configuration is chosen to both accom-
modate a sufficient number of haloes above ∼1012 M⊙ at z ∼ 4
and to capture the decline of ψDM halo MF below ∼1010 M⊙.
We also conduct simulations with (L, N ) = (50 h−1 Mpc, 10243)
and (160 h−1 Mpc, 10243) to validate the numerical convergence.
For each configuration, we conduct CDM, FPψDM and EAψDM
simulations from z = 100 to 4.

3 R ESULTS

Fig. 2 shows the projected dark matter density centred on one of
the most massive haloes in the simulations at z = 4–10, which
is unambiguously identified in all three models. At z = 10, the
EAψDM halo has a mass of Mh ∼ 2.3 × 1011 M⊙, about two and
three times more massive than the FPψDM and CDM counter-
parts, respectively. However, at z = 4, the halo masses in differ-
ent models converge to Mh ∼ (6.3–6.7) × 1012 M⊙. Furthermore,
FPψDM shows significantly fewer low-mass haloes at all redshifts.
These facts suggest very different halo MFs and assembly histo-
ries in different models, particularly at higher redshifts. We provide
quantitative analyses in this section.

MNRASL 473, L36–L40 (2018)Downloaded from https://academic.oup.com/mnrasl/article-abstract/473/1/L36/4315941
by Academia Sinica user
on 10 April 2018
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Two ways to determine the halo density profiles 
• Galaxy-cluster clustering
• Through galaxy distribution 

• Weak gravitational lensing
• Through dark matter distribution

!"#(%) = (" )* (# )+ !,#(%) = (, )* (# )+

On	linear	scales !"# %, . = /"!,# %, .
(c:	cluster,	g:	galaxy,	m:	mass)

>(%) = (1 + ! % )>̅



Measuring cluster-galaxy 
correlation function

• r	:	separation	between	galaxies	
and	clusters
=	distance	from	cluster	centers
• Density	profile	of	halos/clusters	
traced	by	galaxy	distribution

!" = $%& $%'!() 1 + ,&'(.)
rdV dV

0(.) = 0̅ 1 + ,&'(.)



Weak Gravitational Lensing

distorted galaxy 
shapes

� Directly	predicted	by	Einstein’s	general	theory	of	relativity

today

z=zs

z=zl

z=0

past

Large-scale	structure	

of	the	Universe



Measuring cluster-matter correlation:
Halo-shear (weak) lensing

• Dark matter around clusters 
induces tangential distortions 
of background galaxies.

!" # = ΔΣ (#)
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=
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Two ways to determine the halo density profiles 
• Galaxy-cluster clustering
• Through galaxy distribution 

• Affected by galaxy bias
• Affected by dynamical friction
• Less affected by substructures
• Higher precision

• Weak gravitational lensing
• Through dark matter distribution

• Directly probe dark matter
• Not affected by dynamical friction
• Affected by substructures
• Noisier

!"#(%) = (" )* (# )+ !,#(%) = (, )* (# )+

On	linear	scales !"# %, . = /"!,# %, .
(c:	cluster,	g:	galaxy,	m:	mass)



Cluster lensing constraints on RspCLASH cluster lensing constraints on Rsp

Umetsu & Diemer 17, 
ApJ, 836, 231

)34.0(/103.1at)1(89.0/ sun
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Simultaneous model fit to “scaled” S profiles of 16 X-ray-selected CLASH clusters



Measurements of Rsp with both clustering and lensing

From Dark Energy Survey (DES)   Chang et al. [arXiv:1710.06808]



Measurements of Rsp with both clustering and lensing

From Dark Energy Survey (DES)   Chang et al. [arXiv:1710.06808]



Effects of dark energy on splashback

• Rsp is sensitive to w.
• But 10 % difference of Rsp

corresponds to 50% difference 
of w that are already ruled out. 
• We need to wait for larger 

galaxy surveys such as LSST, 
Euclid and WFIRST. 

Adhikari, Sakstein, Jain, Dalal, Li [arXiv:1806.04302]



Effects of modified gravity on splashback

Adhikari, Sakstein, Jain, Dalal, Li [arXiv:1806.04302]
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FIG. 4. Left: Slope of the stacked density profile of halos in the mass bin from Mvir = 1–4 × 1014M⊙h
−1 in nDGP and

ΛCDM. Middle: Stacked average radial velocity in km/s as a function of radius. Right: Comparison between the slope of the
stacked density profile of halos in nDGP and ΛCDM in different concentration bins. The dashed curve corresponds to a mean
concentration c = 6 while the solid curves are for lower concentration halos with mean c = 3. The vertical lines correspond to
the position of the minimum slope. The difference between the models is about 10 percent or larger.

dynamical friction is given by

dv

dt
∝ −

G2Mρ

v3
vf(v/

√
2σ), (30)

where M is the mass of the object moving with a velocity
v through an ambient medium of lower mass particles,
ρ(r) is the density of the medium, and σ is the ambi-
ent velocity dispersion. The function f(X) = erf(X2) −
2X√
π
e−X2

.

The timescales for dynamical friction depend on the ra-
tio of the masses of the subhalo and the host, and become
relevant, i.e. of the order of Hubble time or shorter when
Msub/Mhost > 0.01. Therefore, the lowest mass subhalos
in massive clusters have a splashback radius similar to
that of particles, while higher mass subhalos splashback
at radii smaller than the particles. The splashback radius
of subhalos or galaxies in observations can therefore act
as a direct probe of dynamical friction.

We examine the distribution of subhalos around hosts
of mass Mvir = 1− 4× 1014M⊙h−1 in the different mod-
ified gravity simulations. To learn about properties of
very low mass subhaloes we ideally require high reso-
lution simulations. However we only require the posi-
tions and velocities of the subhalos for our analysis of
the splashback radius and no internal properties like ac-
curate profiles of the subhalos themselves. For F5 we
have two sets of simulations, one with 1024 Mpc h−1

and 10243 particles and another with higher resolution
of 450 Mpc h−1 with 10243 particles. Fig 5 shows the
splashback radius for subhalos in F5 and GR for sub-
halos of mass 1 × 1011M⊙h−1 and 8 × 1012 M⊙h−1.
We select subhalos based on their peak mass, Mpeak,
measured from their merger histories, rather than their
present mass. The splashback radius for lower mass sub-

halos was computed using the higher resolution simula-
tion. For comparison, the particle splashback for both
the models is also shown in red. The low mass subha-
los with Mpeak > 1 × 1011M⊙h−1 have a splashback ra-
dius that is close to the splashback radius for particles
in both GR and F5, whereas the higher mass subhalos
with Mpeak > 8 × 1012 have a smaller splashback radius
than particles due to dynamical friction. However, the
higher mass subhalos in f(R) gravity have a larger splash-
back radius in comparison to their counterparts in GR.
In fact it appears that the effect of dynamical friction
is suppressed in F5. The difference between the parti-
cle splashback and subhalo splashback for subhalos with
mass 8× 1012M⊙h−1 is smaller than it is for GR. Fig. 6
shows the splashback for Mpeak > 8 × 1012M⊙h−1 sub-
halos in all the different models. N1 and F5 both show
evidence for reduced dynamical friction.

This behavior can be explained by examining the infall
velocities of subhalos into hosts. The force of dynamical
friction depends on the relative velocity between a satel-
lite and its hots; the higher the velocity, the lower the
drag from friction. Due to the enhanced gravity in the
outskirts of the cluster mass halos, the infall velocities
of particles and subhalos are enhanced in the stronger
gravity models, which should lead to a suppression of
dynamical friction. The right panel of Fig. 5 shows the
mean radial velocity of the high mass subhalos in GR
and F5, and, as can be seen, subhalos in the outskirts of
clusters have higher infall velocities in F5 than in GR on
average. Consequently on entry into the host, subhalos in
F5 feel less frictional force than their counterparts in GR,
and therefore splash back to a larger distance at apocen-
ter. It should be noted that while low mass subhalos and
particles also fall in with higher velocities, the dynamical
friction timescales are much longer for low Msub/Mhost

nDGP

LCDM



Two issues considered in this talk
• Asphericity of dark matter halos
• If we really want to constrain SIDM, WDM, ψDM, etc. with 

the splashback radius, anisotropies of halo shapes should 
be properly taken into account. 

• Full 6-d phase-space information of the splashback
• Only 3-d position space can be probed through the density profile and weak lensing.

PRD, 98, 023523  [arXiv 1807.02669]

 

Splashback radius of nonspherical dark matter halos from cosmic density
and velocity fields
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We investigate the splashback features of dark-matter halos based on cosmic density and velocity fields.
Besides the density correlation function binned by the halo orientation angle, which was used in the
literature, we introduce, for the first time, the corresponding velocity statistic, alignment momentum
correlation function, to take into account the asphericity of halos. Using large-volume, high-resolution
N-body simulations, we measure the alignment statistics of density and velocity. On halo scales,
x ∼ R200m ∼1h−1Mpc, we detect a sharp steepening in the momentum correlation associated with the
physical halo boundary, or the splashback feature, which is found more prominent than in the density
correlation. We also find that the splashback radius determined from the density correlation becomes
∼3.5% smaller than that from the momentum correlation, with their correlation coefficient being 0.605.
Moreover, the orientation-dependent splashback feature due to halo asphericity is measured when the
density profile is determined by dark-matter particles, which can be used as a test of collisional cold dark
matter since the halo shape is predicted to be rounder in such a model.

DOI: 10.1103/PhysRevD.98.023523

I. INTRODUCTION

In the current paradigm of cosmic structure formation,
galaxies, which are observed as a tracer of the large-scale
structure of the Universe, are considered to be formed
within dark-matter halos. Besides, modeling a halo power
spectrum is the important first step to properly interpreting
the observed galaxy clustering, from which to extract
cosmological information. Dark-matter halos thus play a
fundamental role in both structure formation and cosmo-
logical studies (e.g., Refs. [1,2]).
Recently, the phase-space structure in halo outskirts has

been extensively studied based on N-body simulations,
leading to the discovery of a steepening in the outer density
profile of dark-matter halos [3]. This feature is interpreted
as a sharp density enhancement associated with the orbital
apocenter of the recently accreted matter in the growing
halo potential. The location of this steepening is referred to
as the splashback radius, Rsp, and depends on cosmology as
well as on halo mass and redshift. The splashback radius
provides a physical boundary of halos [3–6] and is related
to the transition scale between the one-halo and two-halo
regimes in the galaxy power spectrum or correlation
function to a certain extent [1,5].

Using efficient cluster-finding algorithms based on the
observed galaxy distribution [7,8], the splashback features
have been studied by observing the galaxy density profile
and weak lensing profile [9–12] (see Ref. [13] for diffi-
culties in observing the splashback feature). Further studies
revealed that dynamical friction acting on massive subhalos
orbiting in their parent clusters makes splashback features
appear at smaller cluster radii [14–16]. However, the
detected splashback radius is found to be significantly
smaller than predicted by N-body simulations, even though
the effect of dynamical friction is considered [9,12]. Thus,
careful work is required both from theoretical and obser-
vational aspects.
Splashback features are determined by the orbits of dark

matter around halo centers and thus fully characterized in
phase space. Hence, the commonly used density statistic
alone cannot capture the full dynamical information.
Furthermore, the two-halo term of the density statistic is
enhanced by the galaxy bias, whereas its impact on the
determination of the splashback radius has not been
discussed in the literature. Another important fact on
precisely measuring the splashback radius is that halos
are aspherical. Thus, spherical averaging would smear out
the splashback features [17]. While the caustic techniques
have been extensively studied in phase space to measure
dynamical mass profiles of clusters from infall velocity*tokumura@asiaa.sinica.edu.tw

PHYSICAL REVIEW D 98, 023523 (2018)
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Angle-dependent density profile

• Definition (c:	cluster,	g:	galaxy,	m:	mass)

• Conventional	correlation	function	(A={mc})

• Relation	to	intrinsic	alignment	in	
gravitational	lensing

θ

field c	(cluster)

field g	
(galaxy)

Paz et al 2008
Faltenbacher et al 2009

r

?@A B, C = DA EF, C D@ EG = H@?IA B, C
?IA B, C = DI EF, C DA EG

on	linear	scales

patterns [18–22], these analyses have not been performed
in the context of splashback studies. In this paper, we
present a detailed study of splashback features based on
both density and velocity statistics, focusing on the issues
described above.
This paper is organized as follows. In Sec. II, we present

the formalism of alignment density and velocity statistics
used to study the splashback features. Section III describes
the N-body simulations and how we construct mock cluster
and galaxy samples. Section IV presents measurements of
alignment density and momentum correlation functions,
their splashback features, and constraints on the splashback
radius. Our conclusions are given in Sec. V.

II. FORMALISM

The three-dimensional density profile around clusters is
computed by the cross-correlation functions between halo
centers and mass tracers. When dark matter particles and
galaxies are used as the tracers, the cross-correlations are,
respectively, expressed as ξmcðrÞ ¼ hδmðx1Þδcðx2Þi and
ξgcðrÞ ¼ hδgðx1Þδcðx2Þi (e.g., see Ref. [23]), where r ¼
jrj¼ jx2 − x1jand δc, δg, and δm are the overdensity fields
traced by clusters, galaxies, and matter, respectively. In
weak lensing and galaxy redshift surveys, one can, respec-
tively, observe the weak lensing profile, ΣðRÞ [or ΔΣðRÞ],
and the galaxy density profile, ΣgðRÞ, which are the line-of-
sight projection of the cross-correlation functions, ξmcðrÞ
and ξgcðrÞ.

A. Alignment density correlation

To take into account the asphericity of dark matter halos,
we consider the angle-binned or alignment correlation
function [24–26], an extension of the conventional matter
and galaxy density profiles around clusters, respectively,
ξmcðrÞ and ξgcðrÞ, by taking account of the orientations of
the clusters,

ξAcðr; θÞ ¼ hδAðx1; θÞδcðx2Þi; ð1Þ

where A ¼ fm; gg. Here, θ is the angle between the
elongated orientation of cluster halos, defined by the major
axis of ellipsoidal halo shapes, and the separation vector r.
The conventional correlation function can be obtained by
integrating over θ,

ξAcðrÞ ¼
Z

1

0
d cos θξAcðr; θÞ: ð2Þ

The alignment correlation is related to the density-
ellipticity correlation, a main source of contamination for
measurements of the gravitational shear power spectrum in
weak lensing surveys, also known as intrinsic alignments,
ξgþðrÞ ¼ hδgðx1Þ½1þ δcðx2Þ&γIðx2Þi, where γIðxÞ ¼ 1−q2

1þq2

cosð2θpÞ, θp is the angle projected onto the celestial sphere,

and q is the minor-to-major-axis ratio of halos [27–34].
This function is related to the alignment correlation
function by

ξ̃gþðrÞ ¼ ð2=πÞ
Z

π=2

0
dθ cosð2θpÞξgcðr; θpÞ; ð3Þ

where ξ̃gþ is the same as ξgþ but with q fixed to q¼ 0
[25,35,36]. While these two statistics are complimentary to
each other, we will focus on the alignment correlation
function because it provides direct insight on how the
matter is distributed along and perpendicular to the major
axis of halos.

B. Alignment velocity statistics

Next, we consider a statistic with respect to the
cosmic velocity field, the momentum correlation function
[37–41], ψAcðrÞ¼h½1þδAðx1Þ&½1þδcðx2Þ&vAðx1Þ·vcðx2Þi,
where vA is the peculiar velocity of field A (namely, the
cosmic expansion term is not included) [42]. We propose
using this momentum correlation as a probe of the splash-
back radius because the splashback features are fully
characterized in phase space. In analogy to the density
statistic, we define the alignment momentum correlation,
ψAcðr; θÞ, by replacing δAðx1Þ in the above equation by
δAðx1; θÞ,

ψAcðr; θÞ ¼ h½1þ δAðx1; θÞ&½1þ δcðx2Þ&
×vAðx1Þ · vcðx2Þi: ð4Þ

This and Eq. (1) are the main statistics we use to investigate
the splashback features of nonspherical dark halos.
Similarly to the density case, the conventional momentum
correlation, ψAcðrÞ, can be obtained by averaging Eq. (4)
over θ,

ψAcðrÞ ¼
Z

1

0
d cos θψAcðr; θÞ: ð5Þ

We also introduce the angle-binned, density-weighted
pairwise velocity dispersion:

σ2v;Acðr; θÞ ¼ h½1þ δAðx1; θÞ&½1þ δcðx2Þ&

× jvAðx1Þ − vcðx2Þj2i: ð6Þ

However, its behavior is found to be essentially similar
to that of ψAc, and hence we do not present this statistic
n this paper. Moreover, we define the angle-binned pairwise
infall momentum, pAcðr; θÞ ¼ h½1þ δAðx1; θÞ&½1 þ δc
ðx2Þ&½vAðx1Þ − vcðx2Þ& · r̂i, where the hat denotes a unit
vector. Since the splashback feature is smeared out in
this statistic by construction, we do not show it in this
paper [43].
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using this momentum correlation as a probe of the splash-
back radius because the splashback features are fully
characterized in phase space. In analogy to the density
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correlation, ψAcðrÞ, can be obtained by averaging Eq. (4)
over θ,
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However, its behavior is found to be essentially similar
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N-body simulations: mock galaxies and clusters
• 24 realizations in total. 24 � {20483 particles in 1 [Gpc/h]3 box}

• Halos/subhalos are identified
• ~20,000 “clusters” are chosen from 

halos with the threshold 
Mh>1014Msun/h
• Halos	are	assumed	to	have	triaxial
shapes	and	the	major	axes	are	
determined	on	the	projected	
celestial	plane.
• Galaxies are assumed to form within 

subhalos, and ~560,000 “galaxies” 
are selected from subhalos to match 
observed number density (SDSS)

Figure from Masaki et al 2013



Angle-dependent density profile
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• One	can	see	
abrupt	
change	in	
the	slope	of	
density	
profile	at	
x~1Mpc/h



Splashback radius of non-spherical halos

• Splashback feature	is	
more	smeared	out	along	
the	major	axis.	
• Rsp should	depend	on	
the	orientation	of	halos

Minor	axis

Major	axis

NFW profile



Splashback features	are	fully	characterized	in	6-d	phase	space	
• Density profile 

uses only 3-d 
position-space 
information.



Angle-dependent velocity statistics
• Velocities	inside/outside	halo	boundaries

• r >	Rsp :	infall
• r <	Rsp :	multi-stream	intra-halo	region

• Angle-binned	momentum	correlation

<=> ?, A = 1 + E= FG, A 1 + E= FH I= FG J I>(FH)
= <M> ?, A

<M> ?, A = 1 + EM FG, A 1 + E> FH IM FG J I>(FH)

on	linear	scales

N=> ?, A = E> FG, A E= FH = O=NM> ?, A
NM> ?, A = EM FG, A E> FH

θ

field c	(cluster)

field g	
(galaxy)

r

field m	
(matter)

I> FH

IS FG



Angle-dependent density profile

Minor	axis

Distance	from	
cluster	center

Minor	axis

Cluster-Galaxy Cluster-matter
Major	axis Major	axis

• In	linear	theory
• ψgc=	ψmc
• ξgc=	bg ξmc



Splashback features in momentum 
correlation

NFW profile



Constraints on splashback radius

• Correlation	
coefficient	of	Rspp
and	Rsp is	~0.6.

Rsp from Density

Rsp from Momentum

Minor	axis

Major	axis

Dark	matter

Subhalo



Conclusions and outlook
• The splashback radius provides physical boundaries of dark matter halos.
• The accurate measurement of the splashback feature in observation is challenging and 

its theoretical interpretation is not trivial.
• The splashback is a feature fully described in phase space, so the density profile of 

halos does not utilize the entire information.
• Angle-dependent density and velocity statistics have been proposed to study 

asphericity of splashback features.
• One can use the splashback probed by the velocity field to calibrate the standard one 

(by density field).
• In principle it is possible to determine the splashback from the velocity field in 

observations, using the pairwise velocity dispersion.
• There is a potential for the splashback radius to be a useful probe for testing non-

LCDM models, but careful tests need to be done (S.-C. Lin, Okumura et al in progress). 


